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Abst rac t - -Su f f i c ient  conditions for the oscillation of solutions of 
and 
n- -1  
Yn -'- pn + E L(n, s)g(ys), n • N (El) 
n-1  
Yn = Pn -- ~ K(n ,s ,  ys_~), n e r~ (E2) 
S-~--0 
are obtained. Here, {Pn} is a sequence, ~ • N = {0,1,2, . . .},  L(n,s) > O, for n ~ s • N, and 
L(n, s) ---- 0, if n < s, ug(u) > O, for u ¢ 0, ~ ~ K(n, s, ¢) maps bounded sets into bounded sets, and 
for all (n, s) • N × N, OK(n, s, ¢) ~ 0 if ~b ¢ 0. (~) 1999 Elsevier Science Ltd. All rights reserved. 
Keywords - -Vo l te r ra  summation equations, Oscillation. 
1. INTRODUCTION 
During the past several years, the oscillation and nonoscillation of solutions of difference quations 
have been extensively studied (see, for example [1-3] and the references cited therein). However, 
considerably less attention has been given to the study of oscillatory behavior of Volterra summa- 
tion equations (see [4-6] for recent contributions). In this paper, we establish sufficient conditions 
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for the oscillation of solutions of the equations 
and 
n-1  
Yn = Pn + E L(n, s)g(y8), n E N (El) 
8=0 
n-1  
Yn = P, - E K(n,s,  ys-e), n E N, (E2) 
8=0 
where 
(i) {Pn} is a sequence of real numbers and • E N = {0, 1, 2, . . .  }, 
(ii) L(n,s) > O for n_> s E bl and L(n,s) =O if n < s, 
(iii) g : R ~ R is continuous and ug(u) > 0 for u # 0, 
(iv) K : N x N x R --* ]R is continuous in the third argument, ¢ -~ K(n, s, ¢) maps bounded 
sets into bounded sets, and for all (n, s) E N x N, we have CK(n, s, ¢) _> 0 if ¢ # 0. 
By a solution of equation (E1),(E2), we mean a real sequence {Yn} satisfying equation (E1),(E2) 
for all n E N (n >_ - l ) .  A solution of equation (E1),(E2) is said to be oscillatory if it is neither 
eventually positive nor eventually negative, and nonoscillatory otherwise. A sequence {fn} is 
said to be strongly oscillatory if it is oscillatory and lim inf~_~ fn < 0 < lim SUpn~o  fn. 
In Section 2, we establish conditions for the oscillation of unbounded solutions of equation (El), 
and in Section 3, we obtain sufficient conditions for the oscillation of all solutions of equation (E2). 
Examples are inserted to illustrate the results. 
2. OSCILLATION OF EQUATION (El). 
Here we establish sufficient conditions for the oscillation of unbounded solutions of equa- 
tion (El). We begin with the following lemma which is a special case of a result of Yang [7]. 
LEMMA 2.1. Assume that L(n, s) is nondecreasing in n for every s E N. If 
n- -1  
u, < A + E L(n,s)us, n >_ no E N, 
8~n 0 
then 
n-1  n -1  
un <_ A Y I  [1 + L(n, s)] < A exp E L(n, s), n >_ no. 
8~r~0 8~---n 0
THEOREM 2.2. Assume that L(n, s) is nondecreasing in n for every s E N, 
g(u) <_ M, for all u ¢ 0 and M > O, 
u 
n- -1  
lim E L(n,s) < oc, for n > no E N, 
n "--~ O0 
8=n 0 
and 
(1) 
N 
h(n, N) = E L(n, s) < 5(N), for all n e N. 
8=0 
I f  {Pn} is bounded, then all unbounded solutions of equation (El) are oscillatory. 
PROOF. Suppose there is a unbounded nonoscillatory solution {y,~} of (El) which is eventually 
of constant sign for n > n0 E N. Now from (El), we have 
'n,--1 
O< [Ynl <- lPnl + E L(n,s)[g(Ys)[, n E N. (2) 
s=O 
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Since {Pn} is bounded, there exists a constant K > 0 such that IP~I <- K for all n E N. 
Therefore, (2) yields 
no-1  n -1  n -1  
lYnl ~ g + E n(n, s)lg(ys) I + E n(n, s)lg(ys) I ~ I( + M16(n  0 - 1) + M E L(n, s)lys I, 
s---O $=nO 8=nO 
where M1 = suP0<n<no_l Ig(Yn)l" Applying Lemma 2.1 to the last inequality, we obtain 
l Yn '<- (K+M16(n° -a ) )exp(~ML(n 's ) )  ' . = ~ o  n>_no. 
As n --* oc, condition (1) implies that {Yn} is bounded. This contradiction completes the proof 
of the theorem. 
EXAMPLE 1. The Volterra summation equation 
n-1  
n - 1 
y~ = 2+ Z nS ; -1 )y~,  n>l  (E~) 
s=0 
satisfies all hypotheses of Theorem 2.2 except condition (1). Equation (E3) has an unbounded 
nonoscillatory solution {Yn} = {(n + 1)}. 
3. OSCILLAT ION OF  EQUATION (E2) .  
As we know, oscillation criteria for delay difference quations can be obtained by using asymp- 
totic results on the solutions of delay difference inequalities [8, Chapter 7]. Here we study the 
oscillatory behavior of solutions of equation (E2) through the asymptotic results on the solutions 
of the following Volterra summation inequalities: 
~,--1 
y~ > p~ - ~ K(~, s, y~_~), n e N (3) 
8=0 
and 
n-1  
Y~ -< P~ - Z g (n ,  s, w-~),  ~ e ~. (4) 
s=0 
Next, we define a quantity M(k, N, bn) which depends on a positive constant k, an integer N, 
and a sequence {bn} as follows: 
N 
M(k,N, bn) = limsup E sup bn[K(n,s,¢)[, (5) 
n--*oo s=0 0_<¢_<k 
where {bn} is an eventually positive sequence. 
THEOREM 3.1. 
(i) Assume that there is an eventually positive sequence {bn} such that 
limsupb,~pn > M(k, N, bn), (6) 
n---* c:X) 
for every real number k > O, and every integer N c N. Then (3) has no eventually 
nonpositive solutions. 
(ii) Assume that there is an eventually positive sequence {bn} such that 
lim inf bnpn < -M(k ,  N, b~), (7) 
7%--'+00 
for every real number k > O, and every integer N E N. Then (4) has no eventually 
nonnegative solutions. 
(iii) Assume that both (6) and (7) hold. Then every solution of equation (E2) is oscillatory. 
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PROOF. We consider first Case (i). Assume the contrary; then there exists a sufficiently large 
integer N e N such that Yn <- 0, for all n _> N. Since {b~} is eventually positive, there exists an 
integer N1 > N such that bn > 0, for n > N1. Therefore, 
bnYn <_ O, for n > N1. (8) 
For this integer N1, there exists a positive real number k such that 
[Yn-g[ <- k, for 0 < n < N1 + g. (9) 
From (3), (iv), and (8), we obtain 
n- -1  
0 >_ bnyn = bnpn - E bnK(n, s, Y,-e) 
s=0 
Nl-bg n--1 
= - - 
s=O s=N1 +g+ 1 
N1 +g 
>_ bnpn - E bnK(n, s, Y,-e), n > N1 + g. 
8=0 
In view of (9), the last inequality ields 
N1 +g 
b,~pn<_ ~ sup b,dK(n,s,¢)l, n>_N,+e. (10) 
,=0 0_<¢_<k 
Taking the limit superior on both sides of (10), we have 
N1 +g 
l imsupbnp~ < limsup ~ sup bn]K(n,s, fb)[. (11) 
n--+oo n~oo ~= 0__¢<k 
Then, in view of (5),(11) yields 
limsup bnPn < M(k, N1 + g, b~), 
n---+OO 
which contradicts (6). This completes the proof of Case (i). 
The proof of Case (ii) is similar. Case (iii) is a combination of Cases (i) and (ii). 
COROLLARY 3.2. Assume that 
N 
lim E sup [K(n,s,¢)l=O, 
n--,c~ s=0 0_<¢_<k 
t'or every k > O, and every large integer N E N, and that {Pn } is strongly oscillatory. Then every 
solution of equation (E2) is oscillatory. 
PROOF. Now we have M(k, N, b) = 0, where bn - b is a positive constant and {Pn} is strongly 
oscillatory. Therefore, both conditions (6) and (7) are satisfied, and hence, the result follows 
from Theorem 3.1(iii). 
EXAMPLE 2. Consider the Volterra summation equation 
yn=(_ l )n+ln -1  ~ (2s+ l ) ( s+ 1) 
n + 3 n + 3 Ys-2, n > 1. (E4) 
8=0 
All conditions of Corollary 3.2 are satisfied. Hence, all solutions of equation (E4) oscillate. For 
example, {Yn} = {( -1)n/n  + 3} is an oscillatory solution of (E4). 
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COROLLARY 3.3. Assume that conditions (6) and (7) hold. Then every solution {yn} of equa- 
tion (E2) with ]Yn] <- k, n E N is oscillatory. 
PROOF. Assume {yn} is such a nonoscillatory solution of equation (E2). Then there exists an 
integer N E N such that either Yn >-- 0 or Yn <-- 0 for all n > N. First, let us consider the case 
y,~ > 0 for n > N. Since {bn} is eventually positive, there exists an integer N1 _> N such that 
b,~ > 0 for n _> N1. Therefore, we have bny,~ >_ 0 for n >_ N1. Now from equation (E2) and (iv), 
we have 
NI+£ N I+~ NI+~ 
-b~p~ <_: - E bnK(n,s,y~-,) <_ E b,~]K(n,s,y~_t)[ <_ E b~ sup IK(~,s,¢)l .  
s=o s=0 s=O 0_<¢_<k 
Taking the limit superior of both sides of the last inequality, we obtain 
lim sup(-bnpn) = - lira inf b,pn < M(k, N1 + ~, b~), 
n_._~oo n~oo 
which, in view of (7), is a contradiction. The case y,  < 0 is similar. 
EXAMPLE 3. Consider the Volterra summation equation 
1y1 
- 
Yn = (--1)n + ~ s=O 
Here, Pn = 15/16(-1) n + 1/16. It is easy to check that conditions (6) and (7) hold for b := 1, 
k = 1, and N < 5. Indeed, 
M(k, N, 1) = k (Y + 1) 7 lim inf p ,  and lim sup Pn = 1. 
s ' =-s'  
Then any solution {Yn}, with the condition [Y,d -< 1, is oscillatory. For example, {y~} = {(-1)  "} 
is such a solution of (Eh). 
As we can see from Corollary 3.3 and Example 3, the oscillation of solutions of equation (E2) 
can be affected by the values of k and N in the quantity M(k, N, bn). The following theorem 
gives us some results when M(k, N, bn) does not depend on k and N. 
THEOREM 3.4. Assume that M(k, N, bn) , say M(bn), does not depend on k and N. 
(i) If 
limsupbnPn > M(bn), (12) 
n ---~ (X3 
then every solution {y,,} of equation (E2) satisfies lira sup~__.~ o b,,yn > O. 
(ii) I f  
liln inf bnpn ~ - M(bn), 
n---~ OO 
then every solution {Yn} of equation (E2) satis~es lim infn--.o~ b~yn <_ O. 
(iii) I f  
min ~limsupbnPnn-*oo -liminfbnPn}~_.~ > M(bn), (13) 
then every solution of equation (F-a) is oscillatory. 
( iv)  
- lim inf bnPn > lira sup bnp,~ >_ M(bn), (14) 
n-~oo n - -+oo  
then every nonoscillatory solution {Yn} Of (E2) satisfies 
l imsupbnyn = 0,  
n ' - *OO 
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(v) I[ 
lim sup bnpn > - lim inf bnp,~ >_ M(bn), 
n__~O O n---~OO 
then every nonoscillatory solution {Yn} o[ (E2) satisfies 
lim inf bny~ = O. 
n---} oo  
PROOF. For the sake of contradiction, assume that {Yn} is a solution of equation (E2) such that 
lira sup bnYn < O. 
n- - -~oo 
Then there exists a sufficiently large N e N such that bn > 0 and yn < 0 for n ~ N. From (E2), 
in view of (iv) and the last inequalities, we obtain 
Nq-t 
bnyn >_ bnpn - ~ bnK(n, s, Ys-~), n > N ÷ ~. 
s=O 
Let k be a bound on Yn-~ for 0 < n < N + g; then from the last inequality, we obtain 
N-b£ 
bnyn>bnPn-Ebn sup Ig(n,s,¢)l. 
s=0 0<¢<k 
Taking the limit superior on both sides of the above inequality, we obtain 
N+£ 
0 > lim sup b,~yn >_ lim sup bnpn - lim sup ~ bn sup IK(n, s, ¢)I = lim sup bnpn - M(bn). 
n~oo n~oo n~oo ~= 0<¢<k n~oo 
This contradicts (12) and the proof is complete. 
Case (ii) can be proved similarly. Case (iii) is an immediate consequence of Case (iii) of 
Theorem 3.1. For Case (iv), from (14), we see that (12) holds. Then every solution of (E2) has 
the property that 
lim sup bnYn >_ O. (15) 
n" -~ (X) 
On the other hand, (14) implies (7), so every solution {Yn} of (E2) satisfies 
lim sup bny,~ <_ O. (16) 
n ----} OO 
Take a nonoscillatory solution {Yn} of (E2). Then {Yn} satisfies Parts (i) and (ii) of Theorem 3.1, 
and therefore, from (15) and (16), we obtain limsupn__.oo bnyn = O. Case (v) can be proved as 
Case (iv). The proof of the theorem is now complete. 
REFERENCES 
1. R.P. Agarwal, Difference Equations and Inequalities, Marcel Dekker, New York, (1992). 
2. R.P. Agarwal and P.J.Y. Wong, Advanced Topics in Difference Equations, Kluwer, Dordrecht, (1997). 
3. V.L. Kocic and G. Ladas, Global Behavior of Nonlinear Difference Equations of Higher Order with Applica- 
tions, Kluwer, Dordrecht, (1993). 
4. S.N. Elaydi, Periodicity and stablity of linear Volterra difference systems (to appear). 
5. S.N. Elaydi and V.L. Kocic, Global stablity of a nonlinear Volterra difference systems, Diff. Eqns. Dynam. 
Syst. 2, 337-345, (1994). 
6. E. Thandapani and B.S. Lalli, Asymptotic behavior and oscillation of difference quations of Volterra type, 
Appl. Math. Lett. 7 (1), 89-93, (1994). 
7. E.H. Yang, On some new discrete generalizations of Gronwall's inequality, J. Math. Anal. Appl. 129, 506-516, 
(1988). 
8. I. Gyfr i  and G. Ladas, Oscillation Theory of Delay Differential Equations with Applications, Clarendon 
Press, Oxford, (1991). 
